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Abstract

Using a 2-dimensional time-marching vortex panel method developed based on the approach by Zdunich and DeLaurier, applications to wingmills (oscillating airfoil power generators) are examined. In particular, the method of Zdunich is extended to airfoils of finite thickness. Furthermore, it is determined that the attached flow portion of the model while not useful for predicting the air wingmill of McKinney and DeLaurier, may have applications in other media or at smaller pitching amplitudes for which flow separation and airfoil stall are not at issue. As such, a theoretical basis for the extension of the model to account for variable camber in order to maximize the energy extraction at lower pitching amplitudes and frequencies is determined.
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Notation

Nh

Normal force on Airfoil (Newtons)
f

Frequency of Oscillation (Cycles/second)
k

Reduced Frequency (Dimensionless)
λ

Advance Ratio (Dimensionless)
Δt

Timestep (seconds)

Re

Reynolds Number (Dimensionless)

ρ

Medium Density (kg/m^3)

V(

Flow velocity at infinite distance from the airfoil (m/s)

c

Chord Length (meters)
b

Airfoil width (meters)
h

Timestep index
i

Control Point index

j

Bound Vortex and vortex panel index

p,q

Wake Vortex indices


α

Instantaneous pitch (radians)
h

Instantaneous plunge (meters)
(

Angle between pitching and plunging (radians)

H

Maximum plunge amplitude (meters)
α0

Maximum pitching amplitude (radians)
Aijh
Influence coefficient of bound vortex j on control point i at time step h (Dimensionless)
Biph
Influence coefficient of wake vortex p on control point I at time step h (Dimensionless)

Bpqh
Influence coefficient of wake vortex q on wake vortex p at time step h (Dimensionless)

Ф
Potential at a point in the fluid field
φ
Disturbance potential due to presence of bound and wake vortices
φl
Limiting value of the fluid potential as we approach the lower side of the airfoil

φu
Limiting value of the fluid potential as we approach the upper side of the airfoil

Δp
Pressure jump across flat plate airfoil
i,j,k (hat)
Unit vectors in the x,y, and z-coordinate directions
γjh
Strength of bound vortex j at time step h


Γh
Strength of wake vortex shed at time step h

rjih
Distance vector from bound vortex j to control point i

rpih
Distance vector from wake vortex p to control point i
TE
Denotation of Trailing Edge Conditions

LE
Denotation of Leading Edge Conditions
n
Number of Panels used to simulate the airfoil

njh
Unit normal vector to vortex panel j at time step h
tjh
Unit normal vector to vortex panel j at time step h

Ph
Instantaneous power extracted by the airfoil from the flow

P_bar
Average power extracted over an integral number of cycles

Pideal
The power extracted by an ideal wingmill

τ
Period of Oscillation

M
Moment about the elastic axis

rea
Position vector of the airfoil elastic axis

lj
Length of panel j

Lh
Lift generated at time step h
η
Efficiency

β
Angle between pitching and control surface deflection

θ
Instantaneous deflection of control surface
θ0
Mean control surface deflection 

Θ
Maximum control surface deflection

Uj
Velocity of the flow field in the moving reference frame
dh
Timestep size
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Chapter 1
Introduction

1.1 History and Motivation
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Towards the end of the 1970s there was a significant interest in developing renewable energy sources. This interest resulted in research into several new forms of windmills to experiment with different mechanisms for removing energy from fluid flows. For instance, the period saw significant advances in the theory of some non-conventional fixed pitch windmills, such as the vertical axis darrius rotor types1. As well, there were several novel designs developed from unsteady aerodynamic theory. For instance, Jeffery2 developed a model (later refined by Payne3 and Farthing4) for a vertically-mounted pivoting wing which flapped in the wind. At around the same time Wilson and Lissaman5 at the National Research Council developed a cyclogryo-type device which, through articulation of pitch was able to extract energy from the flow.
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In contrast, the concept produced by McKinney and DeLaurier6 - based upon the work of Adamko7 - used a rigid horizontal airfoil with articulated pitching and plunging to extract energy from the flow. Since the device consists of a rectangular plan-form wing oscillating harmonically in pitch and plunge [figure 1] it was dubbed a ‘wingmill’. This concept provided the basis for this investigation. However, this is not a limitation since the code developed herein can also be used to model the NRC windmill since it also describes a series of rigid airfoils exhibiting planar motion, however, due to the importance of leading-edge suction to this design, it would be necessary to use the wrapped vortex sheet method of Section 2.3.4. 
There are advantages to this type of system over more traditional rotary-turbine windmills. For instance, while it was observed by McKinney that the wingmill achieves a similar efficiency – 28.3% - to rotary designs6 it does so at a much lower frequency. Despite this, due to the articulation mechanism for pitch and plunge and other implementation complications, it may be more difficult for the wingmill to respond to a spurious input wind vector. As such, wingmills are perhaps best suited to a water environment in which a constant flowrate and flow direction – not unlike the conditions within a wind tunnel or water channel - can be assumed. As such, the infrastructure required for a windmill-generation operation might be negligible as the units may be placed directly into the stream bed without significantly damaging the local environment. If practical, this could prove to be a viable alternative to modern practice of river damming.
However, before such studies were completed – and as the energy crisis of the 1970s faded into the past - the interest in the subject waned. In the interim some more sophisticated potential flow codes such as those of Teng8, Winfield9 and Zdunich10 were developed. As well, more recently, groups have once again begun to take an interest in the subject. For instance, Jones11 has made use of a modified version of Teng’s code to produce a proof of concept model with significant support structure. As well, a complicated 3-dimensional model with boundary layer computation developed by Brakez et al12 has also been developed to examine the unsteady problem. 
That said, it is not the intention of the author to duplicate such work, instead a more minimalist, intuitive approach is sought to give the flavor of the situation by employing a simple time-marching potential flow code. As such, the purpose of this paper is to describe this code as it applies to wingmills.
1.2 Approach

The Approach taken employed a method based upon the work of Zdunich. Specifically, by using the equations derived in this previous work for the fully attached flow case, a potential code was produced to examine the time-varying oscillation of a wingmill similar to that employed experimentally by McKinney and DeLaurier. 

Despite this, there are some slight differences in approach. Firstly, it was initially desired to determine the leading edge suction for a more complete picture of the situation. Therefore, a wrapped vortex sheet was initially tried with some success when developing the steady state code. As well, since the wingmill in question pivoted about the half chord, it was necessary to redefine the geometry. Further, it was also desired to investigate the effect of using time-varying camber on the power generated by the airfoil. 
As such, chapter 2 will discuss some of the theory behind panel methods both for flat plates and wrapped sheets in steady state while chapter 3 will consider airfoils undergoing arbitrary unsteady motions. In particular, attention will be paid to the case of attached flow where a harmonic oscillation in pitch and plunge is assumed. Since, with appropriate pitch lag, energy will be removed from the flow, it is not unlike a flutter situation(. We will discuss the implementation of such a model along with some of the difficulties and successes encountered in this process. 
Additionally, an attempt to verify the validity of the model by comparing against the classic theory of thin airfoils, and Wagner’s solution for indicial motion will be shown in Chapter 4. Additionally, at this junction, this model will be used to examine McKinney’s wingmill.
Lastly, in Chapter 5 we will extend the Panel Method Theory to 3-degree of freedom wingmills with coordinated pitching, plunging and camber.
Chapter 2
Panel Method Theory
Part 1: Steady-State Model

2.1 Vortex Panel Methods

While much of the work discussed in this chapter parallels the work of Zdunich10, it is important to lay the groundwork for the panel method which is at the heart of this investigation. As such, it is necessary to present the theory behind potential flow vortex panel methods. Both steady and unsteady conditions are examined(. 
[image: image72.wmf]0

0

0

0

1

1

1

1

1

1

1

1

1

1

1

1

1

1

11

1

1

1

1

1

11

1

1

1

1

1

11

=

ú

ú

ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ê

ê

ë

é

G

G

G

ú

ú

ú

ú

ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ê

ê

ê

ê

ë

é

+

ú

ú

ú

ú

ú

ú

ú

ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ê

ê

ê

ê

ê

ê

ê

ë

é

-

+

ú

ú

ú

ú

ú

ú

ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ê

ê

ê

ê

ê

ê

ë

é

G

ú

ú

ú

ú

ú

ú

ú

ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ê

ê

ê

ê

ê

ê

ê

ë

é

-

-

-

-

-

å

h

p

TEh

TEp

TE

ih

ip

i

h

p

j

h

j

n

H

j

h

TE

h

n

h

H

h

j

h

TEV

TEn

TEH

TEj

TE

HV

Hn

HH

Hj

H

iV

in

ij

i

V

n

H

j

B

B

B

B

B

B

B

B

B

U

U

U

U

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

M

M

L

L

L

L

O

M

L

M

M

O

M

L

L

M

M

M

M

M

M

L

L

L

L

L

L

M

M

O

M

L

L

M

M

M

O

M

L

M

M

M

M

O

M

L

L

L

g

g

g

g

g

[image: image73.jpg]


The specific approach used approximates the airfoil by using a series of infinite, discrete bound vortices (as in figure 2) to approximate a continuous distribution of vorticity. In the unsteady case, the airfoil wake is similarly approximated. As well, since all motions considered are planar, a 2-dimensional approximation was employed.
2.2 Steady State Model Theory

2.2.1 Vortex Flow
[image: image74.jpg]


Vortex Flow, as depicted in figure 3, is a potential flow. We may express the potential due to any such point vortex (in a cylindrical reference frame centered at the vortex source) as:
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[ 2.1 ]
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As such, the velocity induced by the vortex at any point in the flow field can be found by taking the gradient of the potential:


[image: image2.wmf]j

j

j

j

r

k

V

g

p

f

2

ˆ

-

=

Ñ

=



[ 2.2 ]
where rj is the distance from the centre of the vortex and γj is the vortex strength. This type of source has proved particularly useful for approximating the flow over airfoils since it automatically satisfies the far-field boundary condition of Laplace’s equation which allows us to decompose the potential into two components: the potential due to the interaction of all the bound vortices and the potential at infinity:
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[ 2.3 ]
However, it is necessary to remember that the vortex possesses a singularity at the source and artificially high velocities can result if several vortices are brought too close together(. In the steady state case all vortices are motionless whether on an infinitely thin plate or in a wrapped configuration. As well, the airfoil surface is considered to be impermeable – that is all flows are purely tangential to the surface.
A brief note on conventions is required. While Zdunich uses the subscript i to denote panels and control points, it was decided to instead retain i for use with the control points while j is used for the panels since they are associated with the bound vortices.
2.2.2 Flow Tangency Condition
Since the airfoil is solid it is required that, at the surface, the flow be tangential. Thus it is convenient to formally define this:
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[ 2.5( ]
As the gradient of the potential is related to the vortex strengths through equation 2.2, it turns out that this constraint will allow us to solve for the vortex strengths according to:
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[ 2.6 ]
Thus, we can find the velocity potential at any point p along the airfoil.

2.2.3 Kutta Condition

While flow tangency provides us with n equations in n unknowns, namely the vortex strengths, we have not yet constrained the way in which the flow comes off the airfoil. We accomplish this by applying a kutta-type constraint - that is we require the flow to smoothly come off the trailing edge of the airfoil. However, this causes the system to become overdetermined, since we now have n+1 equations in n unknowns. Therefore, it is necessary to ignore the flow tangency condition at one of the control points. 
In the case of the flat panel, this is enforced by requiring that the flow to be orthogonal to the unit normal of the final panel at the trailing edge. Thus, the constraint is of the following form(:
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[ 2.7 ]
As for the finite thickness airfoil, Anderson13 specifies that unless we have a cusped trailing edge from which the flow may proceed smoothly, the velocity potential must go to zero at the TE. This is the only way to reconcile the opposing potentials at this point. As such, the kutta condition for a finite thickness airfoil becomes:
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Where (TEu is the vortex strength on the upper panel at the trailing edge and (TEl is the vortex strength on the lower panel at the trailing edge. It is critical that both singularities be equal distances from the trailing edge in order to cancel each other perfectly. As well - as in the case of the flat plate airfoil - we must ignore one of the flow tangency equations at a particular control point in order to apply this condition.
2.2.4 Pressure and Aerodynamic Force Distribution
In order to calculate the forces and moments acting on the airfoil, it is necessary to find an expression for the pressure distribution over the airfoil by relating it to the velocity field obtained from the interaction of the vortices. It can be shown from Bernouli’s equation that the pressure difference across a panel is given by:



[image: image8.wmf])

)(

(

2

2

2

2

2

u

l

u

l

u

l

l

u

j

V

V

V

V

V

V

p

p

p

+

-

=

ú

û

ù

ê

ë

é

-

=

-

=

D

r

r



[ 2.9 ]
For a wrapped-configuration vortex sheet, this expression can be simplified somewhat. Due to the impermeability of the airfoil, one of Vl or Vu will always be zero depending upon whether we are considering the top or bottom sheet. Furthermore, since the local jump in velocity across a panel is equal to the average vortex strength, 2.9 simplifies to:
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[ 2.10a ] 
However, for a single flat sheet, the sum of velocity is also required. From Zdunich, this is given as twice the velocity found at the chord line. Thus:
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From either of 2.10a or 2.10b, we can derive the force on each individual panel:
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This can then be summed up over the panels to give the totals for forces and moments acting on the airfoil according to:
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Note that the moment is calculated with respect to the elastic axis(. 

2.3 Steady State Model Implementation
Two different formats were investigated for the steady state case: flat panel( and wrapped panel. The flat panel case was studied in greater detail since the airfoils under consideration were known to be thin (>12% thickness) and symmetric. As well, the leading edge suction was known, in the case of McKinney’s wingmill to be of little importance as far as generated power was concerned. 

2.3.1 Geometry and Influence Coefficients
The geometry of the flat panel case is provided in Figure 4. It is important to note that the numbering begins at the leading edge.
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Figure 4: Coordinate System used for Steady State Flat Panel Code       Reprinted from Ref. 10 with modifications to the model shown in grey
Influence Coefficients

Upon inspection of equation 2.6, it is apparent that we can rewrite the terms involving the vortex strength to produce:
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Aij is referred to as an influence coefficient and depends uniquely upon the geometry of the airfoil. As such, since we have n-1 flow tangency conditions at n-1 control points and one kutta condition at the TE, we produce the following linear system:
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[ 2.16 ]
This system was solved using the Matlab ‘\’ operator. Note that the final row of the ‘A’ matrix is the set of equations corresponding to the kutta condition (i.e. Equation 2.7) and as such are denoted by TE.
One interesting point is the consistency of the observed total circulation (i.e. the sum of all the bound vortex strengths). This is surprising since the theoretical distribution of vorticity is (theoretically) infinite at the leading edge. As it turns out, the vortices appear to compensate for one another, as such, the circulation estimate is essentially perfect( with only a few panels. However, the greater the number of panels the better the estimate of the chord-wise circulation distribution and hence the distribution of lift and moment. 
Additionally, the precise form of the kutta condition requires some explanation. In section 2.2.3 it was mentioned that once the kutta constraint was added, an over-determined system resulted. The solution necessitated ignoring the flow tangency condition at one control point. But which control point to ignore? 
As it turns out this is not an altogether arbitrary decision. From symmetry, it is desirable to neglect either the LE or TE control point, however, only one of these points is correct: the LE point. If instead we neglect the Trailing Edge point, we find that the vorticity distribution is the reverse and negative of the expected trend with the vorticity tending towards negative infinity at the TE. While of minor importance to the steady state case, reversing the control point ordering for the time-stepping case will result in erroneous results through interaction with the nascent wake vortex. Furthermore, this symmetry argument has serious implications for the wrapped distribution.
2.3.2 Finite Thickness Airfoil
The implementation for the finite thickness airfoil proceeds in much the same way as for the flat plate. However, there are some significant difficulties. These difficulties center primarily on the problem of symmetry. It is easy to reason with a flat panel as to the preferred control point to eliminate in order to enforce the kutta condition, however, with a wrapped surface, this choice is less obvious. Before we can answer this question it is necessary to describe the geometry of the wrapped configuration.
The first task is to create an airfoil surface. Due to the expected interest primarily in the leading and trailing edge portions of the airfoil, a sinusoidal distribution of panels is used instead of the linear system employed on the flat plate. As well, many combinations of control point and vortex panel placement were attempted before arriving on a good combination of vortices at the ¼ point of each panel and control points at the ¾ point. This led to a relatively even distribution of singularities and control points over the surface. This surface, provided in figure 5, shows the vortices as asterixes and control points as solid circles.
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Figure 5: Wrapped Airfoil Sinusoidal Geometry – NACA 0012 Airfoil                                                             (Asterixes are Vortices while solid circles are control points)
It is critical first that the top and bottom panels are mirror images of one another and as such a continuous wrap is not possible: at the leading edge the singularities and control points swapped places on the airfoil to the ¾ and ¼ chord, respectively, on the underside(. Furthermore it is important to attempt to maintain the distance between adjacent vortices to avoid excessive spiking.
The surprising result of all this is that the point which must be omitted is the 1st control point on the upper surface. While it may be anticipated that this would unbalance the airfoil, recall that there is no evaluation conducted at the trailing edge on the lower surface because of the wrapping switch: this leaves both the first and final control points opposite to one another at the same x-coordinate.

Chapter 3
Panel Method Theory
Part 2: Time-Stepping Unsteady Model

3.1 Transition to Unsteady Model
Again, following the method of Zdunich, the steady-state model was extended by using a flat plate approximation. This is an acceptable representation of the situation as it pertains to wingmills since the airfoils used are slim and symmetric. As such, we shall continue forward recapping in the following sections those elements which can be imported directly and which must be altered while detailing the new requirements which arise.
3.2 Unsteady Flapping Wing Aerodynamics
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At low speeds and low-frequency oscillation (on the order of a few Hz) we may approximate the unsteady aerodynamics of our oscillating flat-plate airfoil as before with a continuous distribution of vorticity along the chord approximated by discrete vortices. The difference this time is that, as the airfoil progresses forward, it leaves behind it a vortex wake known as a Von Kàrmàn Street as in Figure 6.
As such, it is desired to treat the wake similarly to the airfoil - that is to approximate the continuous wake vortex sheet with a series of discrete vortex filaments. The following sections describe this procedure. Lastly, we will want to consider energy. Depending upon whether pitching lags plunging for an oscillating airfoil or vice versa we can either impart energy to the flow, thus producing thrust and lift, or can remove energy from the flow, as in the case of a wingmill.
3.2.1 Flow Tangency Condition

As with the steady airfoil, it is necessary to have flow tangency at the surface of the airfoil to enforce its impermeability. As before we have:
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However, there are two significant changes. First, since the airfoil is oscillating in pitch and plunge according to:
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we must modify the value of the velocity at infinity in the moving reference frame. Thus:
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where
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and
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As well, it is necessary to modify the disturbance potential to account for the free vortices found in the wake and the shed vortex. As such, we derive:
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Putting this all together we arrive at the following formulation for the flow tangency condition at any control point i along the airfoil:
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[ 3.7 ]
3.2.2 Kutta Condition

It is our intention in this model to make use of a linear kutta condition of the form used in the steady state case. That is, we will require the flow to be tangential at the TE. While a kutta condition based on zero pressure difference at the TE was tested by Zdunich, it was not found to be significantly more effective then this linear model. Thus we shall model the unsteady kutta condition as:
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[ 3.8 ]
As in the steady state case, this requires us to ignore one control point when evaluating the flow tangency condition.

3.2.3 Kelvin’s Circulation Theorem
In order to link the airfoil to its wake and hence solve for the unknown wake vortex strengths, we make use of Kelvin’s circulation theorem. Simply put, this requires that the sum of the bound vorticity (i.e. the circulation of the airfoil) and the vorticity of the wake be equal at each time step such that the total vorticity in the flow is conserved. 
Since a vortex, once shed, has a constant fixed strength the only unknown quantities are the circulation of the nascent vortex at the TE and the circulation of the bound vortices. As such, the vorticity lost by the airfoil at any timestep is equivalent to the circulation of this new wake vortex. Thus:
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This adds one more unknown and one more equation to our set.
3.2.4 Unsteady Pressure Distribution
It can be shown through solution of the complete unsteady pressure equation( in a moving reference frame that the pressure difference between the upper and lower faces of the vortex sheet is given by:
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[ 3.10 ]
As such, we can substitute in our expressions for the sum and difference of the velocity as discussed in the previous chapter modified by our updated definitions for these quantities, in the appropriate reference frame. As for the time-derivative of the potential it is tempting to go straight to a finite-difference approach, however, the proof that this is indeed valid is somewhat involved( and therefore we present the entire unsteady pressure equation without proof:
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Once this pressure distribution has been determined the forces and moments are calculated as in chapter 2 according to equations 2.11 through 2.14.
3.2.5 Power Generation and Efficiency
Since the intent of this paper is to calculate the power generated by an unsteady wingmill this section follows the method of McKinney for calculating power:
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The leading edge suction was found to be negligible for the wingmill tested and the only drag force in our coordinate system is orthogonal to the vertical velocity, therefore this equation reduces to:
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where N and M are found from summing the forces induced by the pressure distribution. Note that since P is an instantaneous power, it is not a terribly useful quantity unless it is averaged over an integral number of cycles.
The efficiency of the wingmill may be found by comparing the power produced to that of an ‘ideal’ wingmill which is given by:
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where 
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Thus:
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3.3 Time Stepping model Implementation

The overall implemented time stepping code had the following order of operation given the user-defined input parameters of step size, frequency, velocity at infinity, pitch lag, plunge and pitch amplitude, number of panels and location of the elastic axis:

1. Calculate time-varying geometry (section 3.3.1)
2. Calculate static influence coefficients between the bound vortices on the airfoil and the nascent wake vortex (section 3.3.2)
3. Determine the initial distribution of vorticity on the airfoil using the steady state case with no wake vortices present (section 2.3)
4. Determine the B and U influence coefficients for the particular time step in question (section 3.3.2)

5. Solve the system of equations generated to yield the new bound vortex and nascent wake vortex strengths

6. Calculate the Pressure and Force Distributions from the new geometry (Exactly as in 3.2.4)
7. Convect the wake forwards to the next timestep (section 3.3.3) and repeat from step 4 until the pre-defined number of time points have been evaluated.
3.3.1 Generation of Time-Varying Geometry

As the motion of the airfoil is imposed, it was relatively easy to generate the geometry. Specifically, given the frequency and size of the time step, it was possible to pre-generate the time varying geometry using a module program. Simply put, this code implemented equations 3.1 and 3.2 on the panel. As such, while it was only ever applied to the flat panel case, it would simply be a matter of feeding this program a different starting geometry in order for it to propagate through time any geometry of vortex sheet desired.
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Figure 7: Coordinate System used for Time-Marching Flat Panel Code       Reprinted from Ref. 10 with modifications to the model shown in grey
As can be seen from figure 7, the geometric code is slightly different from that of Zdunich since an elastic axis has been incorporated which can be easily moved about to simulate different conditions. The lower-case coordinate axes correspond to the geometric axes which are handed to the grid generator which in turn projects them as a function of time onto the upper case inertial axes.
As well, the position of the vortex shedding point was selected to be half a panel length (i.e. l/2 ) behind the trailing edge.
3.3.2 Calculation of Influence Coefficients and 
Enforcement of Kutta and Kelvin Conditions
As indicated at the beginning of section 3.3, this task was accomplished in several steps. All told five different varieties of influence coefficients were generated of which three are important for this section and the other two for wake convection. These three are:
1. the influence of bound vortices on airfoil control points:
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2. the influence of unbound wake vortices on airfoil control points:
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3. the stream velocity (for enforcing the Flow Tangency Condition)
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We now use these to determine the systems of equations required to process the time-marching scheme. Firstly, the kutta and Kelvin conditions are combined with the flow tangency condition in a form similar to that of the steady case in order to calculate the strengths of the bound vortices and of the single nascent vortex:
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As mentioned in the beginning of section 3.3, the next step is to compute the pressure distribution from equation 3.11. Following this it is necessary to convect the wake forward in time. 
3.3.3 Wake convection using Solid Core Vortices
It is useful for the purposes of wake convection to define two additional varieties of influence coefficient:

4. the influence of unbound wake vortices on other wake vortices:
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5. the influence of bound panel vortices on wake vortices:
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This allows us to calculate the velocity potential at any wake vortex q due to all the other vortices in the field. In order to accomplish this we use an Euler approximation - that is we convect the vortices by multiplying the induced velocity vector by the time step size to find the convection displacement to the next time step:
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Note that dh is the size of the time step taken.

It is important to note that since the singularities are unbound and free to convect it is possible for artificially high velocity potentials to be created in the flow if two or more vortices approach too closely. The infinite nature of the induced velocity at the singularity is an artifact of the potential flow formulation( – the velocity potential at a vortex centre is in reality is finite. As such, the wake vortices were modeled with Rankine cores. 
Figure 8 shows the concept of the Rankine core model which is similar, conceptually, to the example of the gravitational potential of a finite sphere. We divide the influence of the singularity schematically into two regions delineated at the radius ε known as the vortex core radius. The formulation gives different expressions for the velocity potential depending upon whether the point of interest lies within the core radius.
For radii greater than ε we have the familiar result:
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while for radii within the core radius we use the expression:
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Figure 8: Rankine Core Velocity Potential Schematic                                      Reprinted from Reference 10
Chapter 4
Panel Method Model Verification, 

Results and Discussion
4.1 Verification of Steady State Model
4.1.1 Lift Curve

The task of verifying the steady state models - both flat plate and wrapped configurations - is straightforward. In both cases it is necessary to compare the generated lift-curve to that expected from the theory of thin airfoils:
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where 
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and 
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Note that while the lift per unit span can be obtained in either the steady or unsteady case by integrating the force distribution, equation 4.3 is valid only for the steady state case.
The results obtained in the flat airfoil case are presented in figure 9 while those for the wrapped configuration are provided in figure 10.
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Figure 9: Flat Plate Approximation to the Lift Curve from thin airfoil theory (number of panels = 50)
This particular graph was tried at several different panel sizes and showed no change owing to the vorticity properties discussed in section 2.3.1.
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Figure 10: Full Thickness Airfoil Approximation                                                     to the Lift curve from thin Airfoil Theory (number of panels per surface = 50)

In contrast, the values for the coefficient of lift obtained for the full thickness airfoil tended to converge to a value close to the thin airfoil approximation as the number of panels increased. This is perhaps due to the imperfect distribution of vortex panels over the surface – a topic which will be explored in the next section.
Overall, the agreement of both models with the thin-airfoil theory which they are expected to emulate is very good.

4.1.2 Distribution of Vorticity

As an additional test of the validity of the flat-plate approximation, it is necessary to plot the observed distribution of vorticity over the panel. The theory for this comes from Chow who states that on a flat-panel airfoil:
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As such, the distribution of the circulation was graphed against this function in Figure 11 at an angle of attack of 0.1 radians and then divided by an appropriate normalizing factor. As in Zdunich, good agreement was found for a distribution of 50 panels, a situation which was not improved significantly at higher panel numbers.
As with the lift curve slope, the data are in good agreement with the theoretical circulation.
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Figure 11: Distribution of bound circulation on a flat plate airfoil.               (number of panels = 50)
4.1.3 Coefficient of Pressure
A better measure of the performance of the wrapped model with finite thickness is the calculation of the pressure coefficient distribution over the airfoil on the upper and lower surfaces. As such, figure 12 shows the distribution obtained compared against a continuous distribution panel code provided by Jones(.
As can be seen, the lower surface as well as much of the upper surface is in excellent agreement. A discrepancy is observed at the trailing edge likely due to the fact that the panel code has no control points here – they have been used to formulate the kutta condition. Of greater interest is the situation towards the LE. Here, shown in the blow-up of figure 13, the data become spurious. It is unknown why this occurs, however, since the geometry had proved very finicky in the past this aspect of the model is the likely culprit once again. 

This belief is reinforced by figure 14. This is a graph of the pressure distribution under a linear distribution of points and shows no such artifact at the leading edge. Despite this, judging from the lift curve graph obtained, there is some compensation taking place since this spurious data does not have a significant effect on the total circulation of the airfoil.
As such, what is needed is a routine to generate an equal grid in two dimensions to attempt to regularize the size of the panels. For both the sinusoidal and linear distributions the worst performance is in locations where the geometry approaches the vertical and thus we are burdened either with panels which are too small or which are too big.
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Figure 12: Comparison of wrapped airfoil vs. a modern Continuous Vorticity Distribution Panel Code (number of panels = 50 per surface, grid spacing: sinusoidal )
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Figure 13: Blow-Up of LE section of Figure 12
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Figure 14: Comparison of wrapped airfoil vs. a modern Continuous Vorticity Distribution Panel Code (number of panels = 50 per surface, grid spacing: linear)
4.2 Verification of Time-Marching Model
4.2.1 Flow Visualization
The most obvious method to get some idea of how well the code is functioning is to use flow visualization techniques. As such, code was written to analyze the wake and to graphically present the trailing vortices which result from the airfoil motion. As seen in figure 6, wake roll-up is associated with thrusting, while a smooth wake is indicative of energy being extracted from the flow. It is possible to view these situations in figures 15 and 16, however it is first necessary to introduce some flow parameters:

Reduced Frequency: 
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Advance Ratio:
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The reduced frequency describes the flow regime; for k > 0.1 the flow is unsteady and cannot be approximated by steady-state or quasi-steady state methods. The vast majority of the motion in which we are interested exists within the ranges 0.1 to 1, as such, a test case with k =0.5 was selected with 0.1 radian maximum pitch and 0.5c plunge.
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The advance ratio is a measure of how accurate the flow is being represented by the time-stepping model. While it was found during the consideration of Indicial motion that an advance ratio of 0.05 was useful, this proved time consuming to process in matlab (on the order of several hours per flapping cycle). As such, due to time constraints, the majority of the measurements taken using the code were completed far from the ideal advance ratio( aside from the indicial cases (in fact, the power curves were completed with an advance ratio of only 0.4 – not so much for accuracy as to determine the underlying trends). A graphical representation of this tradeoff is provided in figure 17.
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Figure 17: Trade-offs associated with increased panel and time-stepping accuracy
It is interesting to note the rapid falloff of the power with the increase in panel number. As an aside this was investigated and as it turns out the decrease in power as more and more panels are added is due mainly to the fact that the nascent vortex gets closer and closer to the TE as the size of each panel decreases. When several trials were conducted with fixed vortex shed points it was discovered that the power actually increased slightly as the number of panels increased.
4.2.2 Indicial Motion

A classic means of calibrating unsteady vortex panel methods is to use a ‘wagner’ case named after the aerodynamicist who first proposed a theoretical solution for the influence of wake vortices as they are convected downstream(. The theory is simple: at time =0, the airfoil makes a sudden (indicial) movement; this induces a change in the bound vorticity which requires a wake vortex to be released as per the Kelvin Theorem. 
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Figure 18: Wagner Case
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The results of this test are presented in figure 18 and the resulting wake is visualized in figure 19. It was found that a combination of 50 panels and an advance ratio of 0.05 worked well with the incremental cost of additional accuracy beyond that point being unfavorable.
4.2.3 Wingmill Power and Efficiency
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The first step in the verification is to plot the coefficients of moment lift (Figure 20) and power (Figure 21) to make sure that they have a form similar to that expected from McKinney for the Wingmill(Figure 22). 
These agree somewhat well in that we see a similar type of situation. The average of the power graph is greater than zero, thus the airfoil is definitely removing energy from the flow. As well, the power oscillation occurs at twice the frequency of the oscillation in the lift.
Unfortunately there was insufficient time to conduct a rigorous series of tests on the power generated by the simulated wingmill. This was not aided by the fact that the greater part of the experimental data from which some of the graphs were derived appears to be missing from the appendix of McKinney’s 1981 thesis. However, even if it were available, the utility of this data is somewhat questionable due to the flow conditions.
As such, it was decided to simply perform an experimental investigation at high advance ratio ((=0.4, which allowed reasonable computation times) to determine the underlying trends. As such, power graphs are provided for the McKinney Wingmill (figure 23) in a flow at 8m/s oscillating at 5 Hz (k = 0.393) since this was the most efficient case tested in 1981. To verify this, an efficiency polar is also provided (Figure 24). While we have bad agreement, the numbers achieved are of the same order of magnitude
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Figure 22: Expected Power,   Normal force and moment Coefficients                                          Reprinted from Reference 6




4.3 Discussion
While the attached flow vortex panel model described in this paper does have some illustrative value, the overall utility for predicting the performance of wingmills is questionable. However, this is not to say that a modified version would not be able to overcome such difficulties, but simply that it is important to recognize the limitations of the current model.
First of all, we consider the graphs obtained. The quality of the wagner case obtained is good and corresponds favorably with the results obtained by Zdunich, however, we run into difficulties when considering power. Figure 17 demonstrates that there is a complex relationship in the model between step size, panel number and extracted power which still has not managed to converge even at resolutions higher then the successful indicial case.
When considering the graphs obtained as part of the wingmill case, while the general form is good, the trends observed in figures also seem to be flawed. For instance in the case of V=8m/s, freq = 5, max pitching angle = 30° - a case of particular interest to McKinney – we observe that the maximum efficiency is obtained in the thrusting range (energy input to flow) and not in the fluttering range (energy output from flow). Furthermore, upon examining only the latter range, we obtain a peak in both efficiency and power at 120-130° rather then the experimental 90° for efficiency and 110° for power. If we instead consider the thrusting case, this lag does appear: the power peaks at -40°, while the efficiency does so at close to -70°.
Secondly, there is the issue of attached flow conditions. These are assumed to be present in this vortex panel model even though the main test cases all have a pitching amplitude of 24° or greater. In fact from the point of view of the wingmill as a power generation tool, the cases in which the flow is not attached are of greatest interest. In fact, McKinney and DeLaurier were able to show that greater pitch angles on the order of 30° led to significant improvements both in terms of power generated and efficiencies. It is in this area that operations are desirable.
As such, it is not surprising that the data obtained from the model disagree with the data of McKinney. Of great importance is the observed hysteresis loop in the McKinney data which, while mild for the lower speed trials, is an important factor in the higher speed cases. This strongly suggests that even though it can be shown from geometry that the relative wind vector never exceeds the static stall angle of the airfoil, stalling is in fact occurring. As such, it is somewhat meaningless to compare the model to this experimental data.
However, there may be situations in which this model can be useful. The most obvious case is one with smaller pitching; however, as before this is likely of little interest. Unfortunately, this situation does not improve for other common mediums. For instance, while the Reynolds number for the situation described in air is  ~ 1x105 we find that with water as a medium we get a Reynolds number of ~ 1.6x106 due to the increase in density by a factor of 800 with only a 56-fold increase in fluid viscosity. This suggests that not only might a water wingmill be plagued by flow separation but might also have cavitation issues if the frequency of oscillation was comparable to air.
This outlines a second weakness in the model – namely that since the method was initially developed to deal with active, imposed flapping in order to generate thrust there is no provision to determine the equilibrium frequency for a wingmill. In order to accomplish this, it is necessary to introduce an aeroelastic component to the model which is beyond the scope of this paper. However, there is reason to believe that the situation may not be as dire as last paragraph suggested.
For instance, there is no reason to believe that the conditions in water would be comparable to those in air. For instance, the increase in density not only increases the Reynold’s number, but also increases the magnitude of the forces acting on a submerged airfoil along with the apparent mass. As such, it is reasonable to expect that the frequencies encountered would be significantly lowered and the above crisis might be automatically averted. 

Irregardless, it may be desired to work at lower pitching amplitude, and as such it would be beneficial to maximize the energy extraction. One way of accomplishing this is to use a variable-geometry airfoil to optimize the aerodynamic forcing on the airfoil. To accomplish this, variable camber would be used. Additionally, as in the case of a high-lift section, this addition of camber - properly phased - might be able to allow attached flow at higher pitch angles.
This camber could arise in one of two ways: it could, of course, be articulated, thus adding a third degree of freedom to the airfoil, however, it could also be accomplished through aeroelastic tailoring of the airfoil structure much in the way that the ornithopter wing twist augments the generated thrust(. In either case, the conceptual formulation is similar. 

As such, it is a worthwhile thought exercise to consider the necessary modifications which would need to be made to the current vortex panel method in order to account for this variable camber. Thus, the author has endeavored to produce an additional section in which this theoretical basis is provided and its merits discussed. The implementation and addition of this component to the code described in this paper would be an interesting future exercise especially if experimental data for articulated wingmills in water channels becomes available.
Chapter 5
Extension of Panel Method to 3-Degree of Freedom Wingmills

5.1 Extension of the Theory
In this chapter, we extend the wingmill vortex panel model to account for a 3-degree of freedom articulated wingmill. This modification may be included in a future version of the panel code. There are three means of accomplishing this – each more computationally exhaustive the last. 
The simplest method of simulating variable camber is by applying a modified Kutta Condition at the trailing edge(. 
Perhaps a more realistic way of implementing this variable geometry is with a control surface since the mechanics of this type of articulation are well understood and could be mechanically accomplished fairly easily 
Lastly, we shall consider a fully articulated cambered surface whose geometry is fully capable of deforming.
5.2 Modified Kutta Condition
5.2.1 Theory

In the panel code, the kutta condition is used to determine the way in which the flow leaves the airfoil surface, thus it can be used to simulate a cusped trailing edge to give the illusion of camber at the TE. As such, in the generalized unsteady case, we may represent the kutta condition as:
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since the position of the airfoil in the inertial reference frame is constantly changing, the unit normal at the TE is expressed as a function of time. As such, to simulate camber, we must rotate this vector according to:
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where 
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Note that if β=0 (i.e. the lag between pitching and camber rotation) then the phase of camber matches the phase of the pitching – i.e. when the airfoil is at its highest angle of attack it is at its most cambered.

5.2.2 Implementation

In order to implement the modified Kutta condition it is necessary to alter the calculation of q +1 elements of the RHS of the system of equations. As well, one row (i=TE) of the formerly constant A-matrix now becomes time-step dependant. However, if we retain a model in which the geometry is imposed and precalculated (i.e. the current model) it is reasonable to have available a matrix of these time dependant rows. Schematically, once these changes have been made we achieve the following form for equation 3.19:


[ 5.13 ]

The altered rows are highlighted in grey.

5.3 Control Surface

5.3.1 Theory

Conceptually this very similar to changing the trailing edge kutta condition except that several panels are rotated. It is best for this rotation occur at a control point rather then in the middle of a panel so as not to complicate the calculation of forces and moments later on(. We define a hinge point in much the same way as we defined the elastic axis, the total displacement at a point in front of the hinge (or at the hinge) is unchanged while all points beyond have an additional displacement as given by:
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where 
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and 
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as such, the flow tangency and pressure jump terms must include this theta term for all i> the Hinge point. Thus:

for i > HINGE
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Note that the kutta condition is unchanged since the flow is still tangential to the final airfoil segment (even though that segment is now located on a moving control surface). However, the A-type kutta influence coefficients are also time dependant since the distance between them and the rest of the airfoil is changing.
5.3.2 Implementation

Along with the changes described above, the rows and columns of the A matrix beyond the Hinge point become time-dependant since the control points and bound vortices on the control surface change position with respect to the remainder of the airfoil. Schematically:












[ 5.7 ]                         

5.4 Fully Articulated Cambered Surface
Due to the general nature of this variety of constraint it is impossible to give the specifics which could be set out in the other two cases. Instead, in addition to specifying the time-varying geometry it will be necessary to state the derivatives of motion of all the control points for the purposes of calculating the pressure distribution and flow tangency condition. As such, every element of the A-matrix will be time dependant with the exception of the final row.
Chapter 6
Summary

6.1 Conclusions
In summary, the objectives of this paper were met with mixed success. It was possible to extend the steady state model (and hence the time-varying model) to airfoils of finite thickness by wrapping a sheet of discrete vortex filaments. In this case, a decent result was obtained with both sinusoidal and linear descriptions of the surface geometry. However, we are forced to choose whether we prefer our anomaly at the leading or trailing edge as such, it may be worthwhile to investigate further distributions in order to improve this result.
In terms of a time-stepping marching vortex model good results for the forces and moments on the airfoil were obtained as shown by the wagner case of indicial motion. As well flow visualizations show that the wake and sequence of vortex shedding is as we expect and agrees well with flow visualization of a thrusting body. Despite this, in the consideration of the power of a wingmill, while the graphs of lift, moment and power have the correct form, they do not yield the correct result. This is likely due to separated flow effects and thus is a failure of the test case selection and the general lack of wingmill experimental data rather then the model per se.
In order to add further depth to the model by improving the energy extraction at low pitching angles and to increase the maximum pitch angle for which the flow remains attached, a theoretical discussion of the modeling considerations of variable camber was undertaken. Using the theory of vortex panel methods, equations were obtained which could be used to generate a future version of the panel code presented here incorporating this aspect.
6.2 Future Considerations

There are four recommendations for future work on this subject which fall out of this thesis. Firstly either more powerful computing facilities should be used or the panel code  shuld be implemented in lowerl-level language such as C++ or FORTRAN. This would allow smaller time steps to be used, thus improving our estimates of power. Judging by figure 17, it appears that the plot converges well at smaller time steps even though the dependence on the number of panels is somewhat puzzling. Thus, more data is required in this more computationally expensive range.
Secondly, this model will require an aeroelastic component in order to determine the correct frequency of flapping for use in the time-varying panel code. As well, if analyses are desired for the McKinney wingmill, it will be necessary to use a model which takes into account separated flows and dynamic stalling effects.
Finally, the model would benefit from the collection of further experimental data. Since there is currently very little wingmill data, and no data at all for attached flow cases (since, admittedly, these tend to be at low efficiencies for air) it is difficult to verify the model in the context of wingmills. Despite this, while the model may have good predictive value once the cambered cases have been incorporated, until experimental evidence is obtained for this case, the model can not be verified in this case.
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Figure � SEQ Figure \* ARABIC �3�: Vortex Flow Reprinted from Ref. 13








Figure � SEQ Figure \* ARABIC �1�:  McKinney and DeLaurier’s Wingmill          Reprinted From Ref 6





Figure � SEQ Figure \* ARABIC �2�: Discrete Vortex filaments (point Vortices in 2D) Reprinted from Ref. 13





Figure � SEQ Figure \* ARABIC �6�: Von Kàrmàn Street Flow Visualization Reprinted from Reference 13





Figure � SEQ Figure \* ARABIC �15�: Wake Visualization of thrust





Figure � SEQ Figure \* ARABIC �16�: Weighting of Vortices (Red and Blue vortices are of opposite sign)





Figure � SEQ Figure \* ARABIC �19�: Wake Visualization for Wagner Case





Figure � SEQ Figure \* ARABIC �20�: Coefficients of Lift and Moment about the half chord for Airfoil





Figure � SEQ Figure \* ARABIC �21� Power Generated





Figure � SEQ Figure \* ARABIC �23�: Efficiency Variation with pitch lag angle





Figure � SEQ Figure \* ARABIC �24�:           Power Generation Variation with pitch lag angle                 (+ve is a flutter case,  -ve is a thrust case)
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( in fact, Jones has proposed the name ‘flutter engine’ as a competing alternative to ‘wingmill’ for his similar device


( For a more complete discussion of discrete vortex panel methods, Zdunich10 and Winfield9 are excellent references.


( The solution to this problem is provided in the discussion of wake convection in which the free vortices are modeled using cores such that the velocity potential becomes zero at the singularity


( In the steady state case Vstream = V∞


( This constraint will prove useful in Chapter 5 as it allows us to simulate a cusped, cambered edge without incurring the computational overhead of variable geometry


( This is the axis of pitching which we will use in the unsteady section and may be set up as any point on or off of the airfoil in the current code.


( A flat panel was the only investigated method due to the symmetry of wingmill flapping, however, the code could easily be modified and used for any arbitrary shaped 1 dimensional airfoil


( with only two panels we achieve a circulation with V = 10m/s and an angle of attack of 0.1 rads we achieve the same circulation of 0.6272719 with either 2 or 500 panels.


( This distribution suggestion comes from Chow (Reference 15) but has also been successfully used on single panel airfoils such as in Wingfield9


( Note that the sign of ( is negative because we are assuming a case where energy is being extracted from the flow


( reai is the vector from the elastic axis to control point i


( A rigorous proof of this can be found in Reference 14, adapted for this geometrical situation by Zdunich.


( The proof of this can be found in Zdunich, section 3.3.4


( In fact, the vortex flow formulation typically disregards the fact that at the vortex centre singularity itself the flow is not irrotational and we do not actually have a potential flow at all in the vicinity.


( The author learned Fortran so that this code could be translated into matlab for comparaison


( For the computation time required for various advance ratios, please see Appendix A


( The data for this wagner test were retrieved from a table provided by Garrick15


( In this case we are perhaps more in the spirit of the bending of a fish’s tail, however the analogy holds.


( This suggestion came out of a conversation with Dr. DeLaurier on the matter.


( These are currently calculated using vector method and as such a non-flat geometry will not confuse their calculation
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