
Total power/surface area 
They already knew:  

Also: 

But what is Bν(T)?  
 

Question: what is the nature of radiation emitted by an object in equilibrium 



}  Body in thermodynamic equilibrium: i.e. in 
chemical, mechanical, radiative equilibrium 

}  Temperature is constant 
}  Intensity depends only on temperature 
}  Temperature depends on intensity 
}  If Iν(A) > Iν(B) -> B will heat & A will cool.  But that’s 

a contradiction: they’re same temperature 

Assume 2 blackbodies of same temperature – 
they emit the same intensity 

Iν(A) Iν(B) 



}  Source Function, S = Intensity, B 
}  If S>B then I>B, but T is the same everywhere 

T 
S 

I 

T 

B 



}  Derive the density of states (Dν) 
}  Derive energy of each state (Eν)  
}  Derive energy density (µν) 
}  Derive intensity (Iν ) 

Strategy:  



}  Assume cavity of dimensions L x L x L  
}  E field must 0 at boundary (otherwise energy 

dissipates out of cavity) 
}  Consider waves as a superposition of those in 

the x, y and z directions,     , s.t.  



}  Density of States: assume a BB of dimensions L x L x L 

}  EM wave equation: 

}  Solution (E=0 at walls):  

}  Where allowed frequencies are: 

}  Lattice points in a sphere of radius r:   

l 
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FIGURE 1-6 

The allowed frequencies in a three-

dimensional cavity in the form of a 

cube of edge length a are determined 

by three indices l1x, ny, nz , which can 
each assume only integral values. For 

clarity, only a few of the very many 

points corresponding to sets of these 

indices are shown. 

at integral values along each of three mutually perpendicular n axes. Each point of the 

array corresponds to a particular allowed three-dimensional standing wave. The 

integral values of nx , ll", and nz specified by each point give the number of nodes of 

the y, and z components, respectively, of the three-dimensional wave. The pro-

cedure is equivalent to analyzing a three-dimensional wave , one propagated in an 

arbitrary direction) into three one-dimensional component waves. Here the number 

of allowed frequencies in the frequency interval v to v + dv is equal to the number 

of points contained between shells of radii corresponding to frequencies l' and l' + dv, 

respectively. This will be proportional to the volume contained between these two 

shells, since the points are uniformly distributed. Thus it is apparent that N(v) dJJ 

will be proportional to 1'2 dy, the first factor, being proportional to the area of the 

shells and the second factor, dJJ , being the distance between them. In the following 

example we shall work out the details and find 

T( ) 87TV 2 dN v dv = -3-V l' (1-12) 
C 

where V = a3
, the volume of the cavity. 

Example 1-3. Derive (1-12), which gives the number of allowed electromagnetic standing 

waves in each frequency interval for the case of a three-dimensional cavity in the form of a 

metallic-walled cube of edge length a. 

Consider radiation of wavelength A and frequency 'jJ = c/A, propagating in the direction 

defined by the three angles IX, fl, y, as shown in Figure 1-7. The radiation must be a standing 

wave since all three of its components are standing waves. We have indicated the locations of 

some of the fixed nodes of this standing wave by a set of planes perpendicular to the propaga-

tion direction IX, {J, y. The distance between these nodal planes of the radiation is just' A12, 

where }, is its wavelength. We have also indicated the locations at the three axes of the nodes of 

 Then: r = 2Lν/c 



Number of allowed states within v and dv: 
 
 
From:  
 
 
Number of states is: 
 
 
 
Thus:  
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FIGURE 1-4 

The amp1itude patterns of standing waves in a one-dimensional cavity with 

walls at 0 and x a, for the first three values of the index n. 

This condition determines a set of allowed values of the wavelength A. For these 

allowed values, the amplitude patterns of the standing waves have the appearance 

shown in Figure 1-4. These patterns may be recognized as the standing wave patterns 

for vibrations of a string fixed at both ends, a real physical system which also satisfies 

(1-6). In our case the patterns represent electromagnetic standing waves. 

It is convenient to continue the discussion in terms of the allowed frequencies 

instead of the allowed wavelengths. These frequencies are v = where 2a/A n. 

That is 

v = cn/2a n = 1,2,3,4, ... (1-10) 

We can represent these allowed values of frequency in terms of a diagram consisting 

of an axis on which we plot a point at evcry integral value of n. On such a diagram, the 

value of the allowed frequency'}! corresponding to a particular value ofn is, by (1-10), 

equal to e/2a times the from the origin to the appropriate point, or the 

distance dis 2alc times the frequency v. These relations are shown in Figure 1-5. Such 

a diagram is useful in calculating the number 

11 + To evaluate this quantity we simply count the number 

of points on the n axis which fall between two limits which are constructed so as to 

correspond to the frequencies v and 11 + respectively. Since the points are dis-

tributed uniformly along the n axis, it is apparent that the number of points falling 

between the two limits will be proportional to d11 but will not depend on 11. In fact, it is 

easy to see that N(v) dv = (2ajc) dv. However, we must multiply this by an additional 

factor of 2 since, for each of the allowed frequencies, there are actually two inde-

pendent waves corresponding to the two possible states of polarization of electro-

magnetic waves. Thus we have 

N(v) dv = 4a dv (1-11) 

This completes the calculation of the number of allowed standing waves for the 

artificial case of a one-dimensional cavity. 

The above calculation makes apparent the procedures for extending the calculation 

to the real case of a three-dimensional cavity. This extension is indicated in Figure 1-6. 

Here the set of points uniformly distributed at integral values along a single n axis is 

replaced by a uniform three-dimensional array of points whose three coordinates occur 

1 234 . n-

FIGURE 1-5 

The allowed values of the index 17, which determines the aHowed values of 

the frequency, in a one-dimensional cavity of 1ength a. 

FIGURE 1-6 
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}  For 3-D you have a 3-D lattice such that the 
points are defined on a shell with a width of dv 

}  N(ν)dν = N(r)dr = 4πr2 dr 
}  But only consider positive values:  
◦  N(ν)dν = 1/8  4πr2 dr = ½ πr2 dr  

}  Substitute for r: 
 
}  Multiply by 2 for 2 polarization states 

}  Each mode has an energy of kT (equipartition of 
energy for 2 degrees of freedom). The energy 
density is thus:  
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FIGURE 1-6 

The allowed frequencies in a three-

dimensional cavity in the form of a 

cube of edge length a are determined 

by three indices l1x, ny, nz , which can 
each assume only integral values. For 

clarity, only a few of the very many 

points corresponding to sets of these 

indices are shown. 

at integral values along each of three mutually perpendicular n axes. Each point of the 

array corresponds to a particular allowed three-dimensional standing wave. The 

integral values of nx , ll", and nz specified by each point give the number of nodes of 

the y, and z components, respectively, of the three-dimensional wave. The pro-

cedure is equivalent to analyzing a three-dimensional wave , one propagated in an 

arbitrary direction) into three one-dimensional component waves. Here the number 

of allowed frequencies in the frequency interval v to v + dv is equal to the number 

of points contained between shells of radii corresponding to frequencies l' and l' + dv, 

respectively. This will be proportional to the volume contained between these two 

shells, since the points are uniformly distributed. Thus it is apparent that N(v) dJJ 

will be proportional to 1'2 dy, the first factor, being proportional to the area of the 

shells and the second factor, dJJ , being the distance between them. In the following 

example we shall work out the details and find 

T( ) 87TV 2 dN v dv = -3-V l' (1-12) 
C 

where V = a3
, the volume of the cavity. 

Example 1-3. Derive (1-12), which gives the number of allowed electromagnetic standing 

waves in each frequency interval for the case of a three-dimensional cavity in the form of a 

metallic-walled cube of edge length a. 

Consider radiation of wavelength A and frequency 'jJ = c/A, propagating in the direction 

defined by the three angles IX, fl, y, as shown in Figure 1-7. The radiation must be a standing 

wave since all three of its components are standing waves. We have indicated the locations of 

some of the fixed nodes of this standing wave by a set of planes perpendicular to the propaga-

tion direction IX, {J, y. The distance between these nodal planes of the radiation is just' A12, 

where }, is its wavelength. We have also indicated the locations at the three axes of the nodes of 



Any problems here?  



}  Rayleigh-Jeans law 
doesn’t make sense! 

}  Doesn’t agree with the 
oven measurements!  
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FIGURE 1-10 

Top: If the energy is not a continuous variable but is instead restricted to 

discrete values 0, t:,. 6", 3Ll 6', ... , as indicated by the ticks on the I! 

axis of the figure, the integral used to calculate the average value must 

be replaced by a summation. The average value is thus a sum of areas of 

rectangles, each of width 6. g, and with heights given by the allowed values 

of 0' times P(I!) at the beginning of each interval. In this figure t:,.g « kT, 

and the allowed energies being closely spaced the area of aU the rectangles 

differs but little from the area under the smooth curve. Thus the average 

value l is nearly equal to kT, the value found in Figure 1-9. 114.iddle: 

t:,.,g' kT, and Chas a smaller value than it has in the case of the top figure. 

Bottom: t:,.,g' »kT, and g is further reduced. In aU three figures the 

rectangles show the contribution to the total area of gP(If) for each 

allowed energy. The rectangle for 0 of course is always of zero height. 

This will make a large effect on the total area if the widths of the rectangles 

are large. 

Written as an equation instead of a proportionality, this is 

Ll6 hv (1-25) 

where h is the proportionality constant. 

Further numerical work allowed Planck to determine the value of the constant h 

by finding the value which produced the best fit of his theory with the experimental 

data. The value he obtained was very close to the currently accepted value 

h 6.63 X 10-34 joule-sec 

}  Average energy according to 
Boltzmann Distribution: 

}  If the states could have discrete 
energies, e.g. 0,  ΔE, 2ΔE… Then 

 If ΔE<<kT:  Ē ~ kT                           
If ΔE>>kT:  Ē < kT 



}  Let the interval ΔE of allowed states depend on v 

}  Let’s try ΔE = hv and derive h from the intensity 
(i.e. less energy from the high v light) 

}  Fit the data: get  

}  Actual value of “Planck’s constant”:  

}  Oven experiment indicates that light comes only in 
quantized packets! 



}  Probability of finding a state of energy Ej,   P(Ej), is proportional to e(-Ej/kT)  
◦  Where does this general statement come from?  

}  It is proportional to the number of states having this energy & number of states 
accessible to larger system having energy E-Ej: 

}  Work with natural log because #states depends on E. Expand log of number 
    

From thermodynamics:  β = 1/kT 

Let gj be the # of states with energy Ej 
i.e. the degeneracy 



}  Maxwell-Boltzmann statistics 
◦  Distinguishable 
◦  Each particle has an energy 
◦  Obey classical mechanics 

}  Fermions 
◦  Energy, location & state not specified but by probability 
◦  ½ integral spin 
◦  Obeys Fermi’s law: only one per state 

�  Protons, neutrons, electrons, quarks.. 

}  Bosons 
◦  Also quantum mechanical 
◦  Integer spin 
◦  More than one can exist in a state 
◦  Force carriers (photons, gluons, gravitons & W & Z bosons) 

�  For photons – there are an unspecified # of particles 

p -><-p 



}  Mean number of photons in a state: Sum states weighted by probability that it occurs 

}  OR  

}  A photon can have all possible states regardless of occupation  

“-s” means that state “s” is not in sum 



}  A photon can have all possible states regardless of occupation  

}  OR  



}  Now just a little math 



Calculate the average energy of radiation of frequency ν:  
Designate each state, n, be that of n photons each with E=hν 
The nth state is En = nhν 
The mean energy is the sum weighted by probability that energy occurs  

That is just*: 

The energy density is then  

* Not KT 

The blackbody intensity:  



}  Average energy: 

}  Derive h from measurements: 

}  Derived intensity:  

}  Compared to classical:   



Nobel Prize in 1918 


