
1. Local Thermodynamic Equiibrium

Planetary atmospheres are not blackbodies be-
cause they are not of constant temperature. There-
fore, the intensity is not Bν(T ), the Planck Function.
However in certain circumstances, we can quantify the
emission from planetary atmospheres by assuming the
Planck function for our source function.

Thermodynamic equilibrium and its associated in-
tensity, Bν(T ), naturally implies a certain distribu-
tion of excited states, in fact, the Boltzmann distri-
bution. Here the volume density of states i and j, n̄i

and n̄j , are related to the temperature and the ener-
gies of these levels, Ei and Ej , through:

n̄j

n̄i
=

gj
gi
e−(Ej−Ei)/kBT ), (1)

where gi is the degeneracy of state i. The popula-
tion of molecules in quantum states depends on col-
lisional and radiation excitation and de-excitation of
molecules. When the collisions dominate, the occu-
pation of states follows a distribution is Boltzmann
distribution. In such a case, the source function is the
Planck function. In this case, we say that the system
is in Local Thermodynamic Equilibrium (LTE). This
differs from blackbody radiation (at a constant tem-
perature) where the intensity is Bν(T ), the gas is in
Thermodynamic Equilibrium (TE).

The LTE approximation applies well for strato-
spheres and tropospheres generally. But above a
certain level the density becomes small enough that
collisions no longer control the occupation of states,
and radiative processes become important. At this

point, the Boltzmann distribution no longer describes
the occupation of states, and the Planck function no
longer describes the source function. A study of the
detailed balancing of these processes is then needed.

Fig. 1.— Transmission & Emission in Earth’s

atmosphere.

Analysis of infrared spectra of planetary strato-
spheres and tropospheres lend themselves to this so-
lution of the radiative transfer equation. At infrared
wavelengths, sunlight can be ignored. The only source
of radiation is therefore thermal emission. If the gas
is in LTE, it emits radiation according to the Planck
function at the local temperature. There is usually
not much scattering at infrared wavelengths, because
the wavelength is generally much larger than the par-
ticle size (Fig. 1).

2. Model of an Inhomogeneous Atmosphere

We are now ready to construct our first radia-
tive transfer model of an inhomogeneous atmosphere,
specifically one in which the composition and tem-
perature vary with height. This assumption is fre-
quently made because planetary atmospheres most
significantly vary in the vertical direction. Except
in rare cases (e.g. directly above a volcano) or on a
global scale (e.g from equator to pole), the temper-
ature, pressure, and composition of the atmosphere
can be assumed to be constant horizontally. In such
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a case, we can divide the atmosphere into narrow
enough vertical layers such that the temperature can
be considered constant.

In each layer, the intensity is not Bν(T ), but we
can assume Bν(T ) for our source function, where T is
the local temperature, i.e. the system is in LTE. The
radiative transfer equation,

Iν(τν) = Iν(0) e
−τν +

∫ τν

0

Sνe
−(τν−τ ′

ν)dτ ′,

is then easy to solve within a narrow slab of the at-
mosphere where we can assume the temperature is
constant. In this region the source function is ap-
proximated as the Planck function, which because it
depends only on temperature, is constant. The so-
lution to the radiative transfer equation, with a con-
stant source function Sν= Bν , is, as we have learned:

Iν(τν) = Iν(0) e
−τν +Bν(1− e−τν ). (2)

In short, we have an analytical solution to the RT
equation within a homogeneous slab of the atmo-
sphere.

3. Stratified Plane Parallel Atmosphere

Here we simplify our analyses of planetary atmo-
spheres by making the assumption that the tempera-
ture and composition, and therefore the source func-
tion and optical depth, are functions of the vertical
z direction only. We subdivide the atmosphere into
thin enough vertical layers such that the composition,
temperature and pressure can be considered as con-
stant across the layer of width ∆z. Each layer then
has a specific optical depth:

∆τν =

∫
(κa + κs)ρdz ∼ (κa + κs)ρ∆z,

where κa and κs are the absorption and scattering co-
efficients and ρ is the density of the layer. These coef-
ficients vary with wavelength, thereby providing the
optical depth with a wavelength dependence. Note
that an atmosphere with particulates would also have
a specific phase function for each layer. The phase
function specifies the probability that a photon is
scattered in a particular direction. This will be dis-
cussed in detail later. For now, just ignore particles.
Then:

∆τν = κa ρ ∆z.

Now for a slant path through the atmosphere, the
distance traveled by the photons is

ds =
dz

cos(θ)
=

dz

µ
, (14)

where θ is the angle to the zenith, the cosine of which
is often denoted with a ν. For plane parallel atmo-
spheres, the equation of radiative transfer is therefore
often written in terms of the optical depth of each
layer in the atmosphere, and the angle of the incom-
ing and outgoing photons are kept as as variables:

µ dIν
dτ

= −Iν + Sν(T ). (15)

dτν=ρkν  

θ

dz
cosθ

dz

Fig. 2.— The geometry of a plane parallel at-

mosphere.

Now consider LTE emission in a plane parallel at-
mosphere. Since at each layer in our stratified at-
mosphere, the temperature is assumed constant, we
can use equation 2 to calculate the intensity emerging
from each layer, Iiν , in terms of the intensity entering
each layer, Iiν , if we know the temperature,Ti, and
optical depth, ∆τν of each layer. Thus for each layer
(i) and wavelength (ν):

Iiν = Ii+1
ν e−∆τi/µ +Bν(Ti)(1 − e−∆τi/µ). (3)

An additional advantage of formulating atmospheric
problems in a plane parallel atmosphere is that the
boundary conditions can be quite simple. First, up-
ward “streams” of radiation are subjected to differ-
ent boundary conditions from downward streams of
radiation. Consider the upward streams. The lower
boundary can be estimated as a layer which is at a
particular temperature If the layer is deep enough,
i.e. the optical depth is high enough, the intensity
approaches that of the source function, as we have
learned. In this case, this means that the atmosphere
approaches thermodynamic equilibrium, i.e. the layer
is a blackbody and radiates as such:

Iν(τsurface, µ) = Bν(Tsurface), 1 ≥ µ ≥ 0 (4)
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Consider the downward stream. It is generally rea-
sonable to assume that no incident thermal radiation
is coming from outer space on to the top of the atmo-
sphere:

Iν(0) = 0, − 1 ≤ µ ≤ 0 (5)
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Zi+1, τi+1
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Fig. 3.— Simple model of the intensity of

thermal emission from a plane-parallel atmo-

sphere.

3.1. First RT model: LTE emission

Now we can make our first models of atmospheres.
Here’s a recipe for calculating the emerging thermal
radiation from the top on an atmosphere, assuming a
plane-parallel model and a planet in LTE conditions.

1. Divide the atmosphere into small enough lay-
ers so that the temperature can be considered
constant.

2. Specify a temperature, pressure and density for
each layer, based on some previous measure-
ments.

3. Specify a composition and mixing ratio for each
constituent for each layer.

4. Determine the geometry of the problem. That is
are we assuming a plane parallel atmosphere. Is
your data the disk-average flux from a planet,
or are you analyzing a particular spot on the
planet.

5. Make sure that the region of the atmosphere
that you are analyzing is in LTE. (Discussed
further below.)

6. From the composition, determine absorption co-
efficients.

7. Determine the optical depth of each layer.

8. Specify your boundary conditions.

9. Solve the radiative transfer equation for each
layer.

Contribution Function

The emerging intensity from an atmosphere at LTE
with no incident solar radiation (at infrared wave-
lengths) and (unlike the example above) with a sur-
face at an optical depth of τsurf , can be expressed
(following eq. 28) as:

Iν(τν) = Bν(τsurf ) e
−τ/µ +

1

µ

∫ 0

τsurf

Bνe
−τ/µdτ.

(40)
For a bottomless atmosphere, the first term disap-
pears, and:

Iν(τν) =
1

µ

∫ 0

∞

Bνe
−τ/µdτ. (49)

or,

Iν(τν) =

∫ 0

∞

Bν WF (P )dlnP, (50)

where

WF (P ) = e−τ/µd(τ/µ)

dlnP
(51)

is weighting function. Note that the contribution of
the intensity at each pressure level can be written as:

Iν(τν) =

∫ 0

∞

CF (P ) dlnP. (52)

Here,

CF (P ) = Bνe
−τ/µd(τ/µ)

dlnP
(53)
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is the contribution function, which provides a measure
of the fraction of radiation that emerges from each
pressure level. The term consists of the blackbody ra-
diation emitted at level P weighted by its attenuation
by the overlying optical depth τ/µ, and normalized
by the change in τ with pressure.

4. A photon’s mean path length

Consider an optically thick medium, having a con-
stant κν , where photons will at some point or an-
other be absorbed or scattered out of the beam. Then
e−τs is proportional to the probability that the pho-
ton makes it to a distance s. If we normalize this
term by the sum of all the terms proportional to pho-
ton encountering matter, at all distances, we end up
with the probability that a photon will pass through
the medium to a distance s across an optical depth τs
unscathed is:

P (s) =
e−τs∫

∞

0
e−τs′ds′

.

The average distance traveled before scattering by a
photon, the mean free path, is then:

< s >=

∫
∞

0

sP (s)ds =
1

ρκν
, (31)

where κν is the extinction coefficient in units of in-
verse column abundance. If we define another form
of the extinction coefficient kex, of units of m

−1 as:

dIν = −kex Iνds,

then kex = ρκν = τ/ds. The extinction coefficient
equals the reciprocal of the mean free path of a photon
in an atmosphere.
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