The particle kinetic energy varies as

0 1

' ot 2
which can be written

5(1 2+B2 +V-P=0
%/ 2pv 87T .

pv'=ov-E=j-E

with the electromagnetic energy flux given by P.

Note that, if initially each particle is represented by a
localized spike in pand &, it 1s an easy matter to average

over a local volume V because the equations are all linear
In pando.

Note thatif E=-vxB/c

then P = v—[i
e 5

Where v, 1is the velocity L B
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Note that E plays no significant dynamicat role.

E _ oV )Eﬁ
8T

8 \CE

Note, too, that the existence of E depends upon what
frame of reference the calculation uses.

See example in V. VasYliunas, 2001, Geophys. Res.
Letters, 28, 2177.

Similarly j plays no dynamical role because it has no
energy and no strength.

Note that in any real gaseous medium j is driven by a
weak K , pulling energy out of the magnetic field.

B causes j, not vice versa.

Note that j is driven by the relation

%];;*:CVXB*ZHZ]
NQ"{F E.C}c:::-; +Uba{~ Kr\_J L g ZQ’"“? at }O‘fK
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T'o estimate £’/ B in specific cases, note that

ogx2x10T"*sec™.

50 1n a magnetic field B with characteristic scale / we have

E" 10" [104 J
B A

For T not less than 10*K and / as small as 100 km, 1t follows that

E510"‘.
B

The stress and energy in the electric field is no more than10™*
times the energy and stress in the magnetic field.

&



Note that the dynamics is all in terms of
p=NM, p=NKkT, v, andB
when E=-vxB/c

E and j are secondary passive quantities.

Consider the role of the neglected E

%?—:VX(VXB)—CVXE'

For a collision dominated plasma, j= o E .

) C
Hence E = VxB and
4o
oB
o =Vx(vxB)-Vx(nV xB)
Cz 13 : 9
n = ~0.5x10°/T*cm’/sec
4o
Magnetic Reynolds number
N, =0
n

For large Ny the principal effect is bulk transport of B.
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For a partially ionized gas

N = number density of neutral atoms,
n = number density of ions/electrons

v = mean bulk velocity of neutral gas
w = mean bulk velocity of ions

u = mean bulk velocity of electrons
T; = 1on-neutral collision time
1.— electron-neutral collision time

T = 10n-¢electron collision time

p = pressure of neutral gas

NM@- - nM(w —v) | nm(u —v)
dt T T

Consider a slightly ionized gas, n<<N.



Neglect ion and electron pressures.

m@:-e(E | qu) m(u-v) m(u-w)
T T

J=ne(w-u)

drne

Neglect the electron and ion inertia. The sum of the two
eqns. of motion gives

nM(w - v) | nm(u_v):en(w—u)xB
(4 T, C
:jXB/c:(VxB)xB
47

Hence, for the neutral atoms

NMgl:—Vp+—(VXB)XB

dt 47

which is the usual MHD momentum eqn.

21



Note that
(VxB)xB cm/t

W =V+ | VXB
4 Q) 47me ()
u:v—!—(VXB)XB cM/t VB
4 Q 47me
where
0= M | m - M
:E &£ ¥
Then
E-—--VXB [(VXB)XB]XB : M/ —m/t (VxB)xB
C 4mc QQ 4me Q
g E (M/t, Ym/t ) Mo R
4mmne” | Q T
Deftine
o = 8 | Mz -m/7, Hall coeftficient

 47mne M/7,+m/7,

p= Pedersen coefficient

¢’ | (M/z )m/7,) e Ohm’s coefficient

4me” | M/ +m/7, 1

.
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Write b = B/B, so that

| =

=

vxb- B[(Vxb)xb]xb+a(Vxb)xb+nVxb]

E :E[ be+a(be)xb-ﬂ[(be)xb]xb]

C

The induction equation

OB/ot = —cV xE
becomes

%:Vx(vxb)—Vx(anb)Jer{ﬂ[(be)xb]xb-a(be)Xb}

This is the usual MHD eqn. with two extra terms.

In terms of the non-dimensional Lorentz force

f_(be)xb
47

- a—b:Vx(vxb)—Vx(anb)+Vx[ﬂfxb-af]

ot

PG



The magnetic energy equation can be written

( A b’ )
hid —1—b2- LV 2 -nf + fbf +af xb
ot\8xr - 4r |
=—V*f-77(v><b) 47pf"

47

The right hand side represents the dissipation of magnetic

energy. The term in square brackets represents the
- transport of magnetic energy.

Consider the Hall effect with f#=n=Va =0

%‘%:Vx(vxb)—élzranf

Qv__i_m)(v:—Vp V(%V2)+47Z'C2f
o't NM '

C*=Bf[47NM), o=Vxv

oo

Then — =
ot

Vx(vxm)+4ﬂ'C2fo '

Hence

4 b
Q(b: am):Vx vx| b+~
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Note that the Hall (vorticity) contribution is smaller O(1/L)
compared to the magnetic field. And that makes it the
same order as resistive diffusion.

o e B
wesr Bl I () =—

n . mc

The Hall effect is a small-scale effect.

See JGR, 101, 10587-10625, (1996).

It the ion and electron pressures, inertia, and other applied
forces L; Le per unit mass are included, then

ob
anx(vxb)—Vx[anb-—ﬂfberaf]
'V / Y |
Cm/f‘"Vx p]-I—M i L
eBQ N \dt )
] 4 b
: CM/T"VX Vp - du I
eBQ . n \dt ")
T ( A\ V|
1VX4 V(p;+pﬁ) | M d"V L;— +m dll LE Xb
Q L H \dt J \dt Y

These extra terms include thermo-electric effects, the
Biermann battery, the Eddington-Sweet effect, etc. which
are all negligible under ordinary large-scale circumstances
in astrophysical settings. But watch out for the small scales
arising in tangential discontinuities, rapid reconnection, etc.
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Compatibility of Newton and Maxwell

Consider a collisionless plasma, made up of equal numbers
of electrons and singly charged ions.

Calculate the electron and ion motions using the guiding
center approximation.

i3

S OYY)
N4
Write uzcEXBa E = wx
B | C

The motion of the guiding center is

v:u~|—;1\/[‘]‘1Lc’1l3><vé]32 E*MWF_CBX[(B'V)B]
eB’ eB’
Note that
/a’v w:
-1 — - B B' B‘V B
IR LR LR

Define

Fi



The current density i1s

o co o [p-p du
=—Bx<{Vp — B-V)B+NM-—¢
‘]J. B X | }?L _ B’ —( ) At J
and Ampere’s law becomes
du - / B2 \ E [(BV)B]J_;1 : p_j_—_p” 1

NM—‘———“V_L p.LI | :
dt ~ 871 47 - B /4r.

So Ampere’s law is automatically satisfied if the bulk
velocity u satisfies Newton’s equation.

See Phys. Rev. 107, 924 (1957).




Chew-Goldberger-Low Approximation

Let L denote scale of plasma and field in the direction
alongthe field. There are, then, four invariants.

Lw;= constant
AB = constant
ALN = constant
w” /B = constant

where A is the characteristic cross section of a flux bundle
and B the field.

SO
_Ci/ A \:O _i/p”B\:O
dt\NB) dt\ N
c.if_i' = 'PL éanE 4 P].-—E_
dt J1 e
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ELECTRIC CIRCUIT ANALOG

It 1s asserted that the electric currents required by Ampere’s law
are subject to the familiar electric circuit equations.

MHD i1s equivalent to a Laboratory Electric Circuit.
However, in the laboratory circuit:

(a) Current paths have fixed connectivity.

(b) Current paths are fixed in the lab frame.

Whereas in MHD:

(a) Current paths and connections vary according to the
dictates of Ampere’s law,

4 =cVxX B,
as the swirling fluid velocity v deforms B,

OB
—=V B).
2 x(vx B)

(b) The current flows in the moving frame of reference of v, in
which E' =0, so there are no inductive emf’s applied to .

There is no electric circuit analog in time-dependent MHD.
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[/ = Total current

L = Inductance per unit length

1

;L[ " = Magnetic energy per unit length

E









